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We study the nucleon contribution to the electromagnetic vertex function of neutrinos that prop- 
agate in a matter background in the presence of a magnetic field. Starting from the one-loop 
expression for the corresponding terms of the vertex function, and taking into account the anoma- 
lous magnetic coupling of the nucleons, we calculate the B-dependent part of the form factors that 
determine the induced charge of the neutrino. A formula for the neutrino induced charge is ob- 
tained, and it is evaluated for various illustrative situations. The terms due to the nucleons can be 
■^j- ' important in some cases, depending on the physical conditions of the environment. 

o : 
o ■ 

(N| ■ I. INTRODUCTION AND SUMMARY 

In the physical contexts in which the effects of an electron background are being considered, in principle a nucleon 

m : 

background is also involved. In some situations, and depending on the effects being studied, the presence of the 
y—i ' nucleons is not particularly relevant, in which case they can be thought to form an inert background that makes the 
£NJ , medium electrically neutral overall, with no further physical implications. For example, for a photon that propagates 
through a matter background, the proton contribution to the plasma frequency is insignificant compared to the 
\ electron one, since the corresponding terms are proportional to the inverse of the charged particle mass. In most 
^ ^ ■ cases, the effects of the nucleons on the photon dispersion relation turn out to be unimportant. 

| The situation is different when we consider neutrinos instead of photons. When a neutrino propagates in a back- 

■ ground of normal matter (electrons and nucleons), the contributions of the various background particle species to the 
ff) ' neutrino dispersion relation are comparable, each being proportional to the background particle number density 

, As is well known, the nucleon contribution is identical for the three neutrino flavors, and it is not relevant in the con- 
text of neutrino oscillations in matter that involve only the standard flavor neutrinos, since the oscillation phenomena 
! depends on the difference in the dispersion relations. However, for example, if the so-called sterile neutrinos also take 

■ part in the oscillation phenomena, then the nucleon contribution must be included since it is of the same magnitude 
Qh! as the electron contribution. 

^ . Besides the dispersion relation, another quantity of interest is the effective electromagnetic coupling of the neutrino 
| in the background medium @, 0, S S IE S 13 ■ That coupling is the basis of some of the neutrino processes that 
f~| , can occur in a medium but not in the vacuum, such as the plasmon decay and the Cherenkov radiation process 

In addition, in the presence of a magnetic field, the electromagnetic coupling induces a modification of the neutrino 
. i-H , dispersion relation |E ITfl ITU IT^ | which is the basis for the asymmetric neutrino emission phenomena that has been 
^ ■ considered in various astrophysical contexts 0, Q, 0, 0, 0, 0, 0, |2(j • The neutrino electromagnetic interactions 



H \ also modify the collective properties of a plasma, which can lead to a variety of effects [21], |22j, l2.'l |24J, |2E 

For calculational purposes, the electromagnetic coupling is parametrized by the form factors of the vertex function 



|26l 1271 128| . The calculations of the nucleon background contribution to the form factors reveal that it can be of the 
same magnitude as the one due to the background electrons |29j . Thus, for example, in the context of the asymmetric 
neutrino emission process already mentioned, the nucleon contribution is unimportant if only the standard flavor 
neutrinos are considered, but they are significant and must be included if sterile neutrinos are involved. 

There has been interest recently in the calculation of the neutrino electromagnetic coupling in the presence of a 
magnetic field. The calculation in Ref. |30j applies if the particle number densities in the medium are relatively 
small, such that they can be neglected entirely. A calculation taking into account the electrons in the background 
was performed in Ref. [3l]], and it was extended and some aspects were clarified in Ref. j33- In Ref. H3| the focus 
was on the form factors of the full vertex function, while Ref. [3lJ was focused on the particular term of the vertex 
function that can be identified as the induced neutrino charge. In spite of these differences, the calculations have in 
common that they neglect the effects of the nucleons in the medium. For some applications, such simplification may 
be appropriate. However, as we have mentioned above, that it is not always the case and, therefore, the results of the 
pertinent calculations arc needed. Such calculations arc the focus of the present work. 

Here we consider the effects of the nucleon background on the electromagnetic coupling of the neutrino, in the 
presence of a magnetic field B. In particular, we take into account the anomalous magnetic moment interaction of 
the nucleons with the magnetic field and, as in Refs. [3lJ and [l^, our goal is to determine those corrections that are 
linear in B. We follow the treatment of the latter reference, adapted to the present situation. An essential ingredient 
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in our previous calculation was the linear approximation to the Schwinger formula for the electron propagator in 
a magnetic field, extended to include the presence of the electron background. Here we derive the corresponding 
formula for the nucleon propagator, which takes into account the anomalous magnetic coupling of the nucleons. Using 
that propagator we obtain the expression for the one-loop contribution to the neutrino vertex function. Although 
the vertex function can be decomposed in terms of a set of tensors as discussed in Ref. |32l |. here we do not give 
explicitly the integral formulas for all the associated form factors in the general case, which are cumbersome and not 
illuminating. For definiteness, we carry out in detail the evaluation of the vertex function in the so-called static and 
long wavelength limit, which can be interpreted in terms of the neutrino effective charge in the medium. We give 
the formula for the nucleon contribution to that quantity, in terms of momentum integrals over the nucleon number 
densities, and in order to establish a point of comparison with the previous calculations we evaluate it explicitly for 
various illustrative cases. As we have anticipated, the nucleon and the electron contributions can be comparable, 
depending on the conditions of the environment. Our calculations can be useful for the studies of the effects of 
the neutrino electromagnetic interactions in various astrophysical environments, which have been considered in the 
literature. 



II. THE LINEARIZED NUCLEON PROPAGATOR 



The propagator that was used in the calculation of Ref. [32| was obtained by taking the Schwinger formula for the 
electron propagator in a magnetic field, and expanding it up to linear terms in B. We want to obtain the corresponding 
formula for the nucleon propagator, and we follow closely the notation of that reference. But in order to include the 
anomalous magnetic moment coupling, here we proceed as follows. 

In the presence of the magnetic field, the propagator of each nucleon f = n,p satisfies the equation 



i$-e f 4-m f - ^Kfcr-F 



S(x,x') = 5 {4 \x-x'), 



(2.1) 



where e p — \e\ and e n = 0, and k/ is the anomalous magnetic moment, given by 

lei 



k p = 1.79 
K n = -1.91 



2m r 



J! 

2m r , 



(2.2) 



with e being the electron charge. We have used the notation a ■ F = a^F^" , where = (i/2)[j fl , 7„], and F^ LV is 
the electromagnetic tensor for the B field, which we can write in the form 



Fny iBPui/ , 



with 



Puv = it 



b a u? 



(2.3) 



(2.4) 



In an arbitrary frame of reference, the vector in Eq. (|2.4|) is the velocity four-vector of the medium. In the frame 
in which the medium is at rest, which we adopt, it M and 6 M take the form 



^ = (1,0), 
6" = (0,6), 

and the magnetic field is given by 

B = Bb. 

Furthermore, for definiteness, we choose the gauge such that 



A„ 



1 



-F r" 



The idea now is to write 



S(x, x') = 4>{x, x) 



d 4 p 



(2.5) 
(2.6) 

(2.7) 
(2.8) 
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where 



cp(x, x ) = e~< 

and substitute it in Eq. 1|2.1[) to obtain an equation for the momentum space propagator S F {p)- Using 



id fl <t>=-^F (iU x' v 4>, 



it follows that 

(idfj, ~ efA^)S(x, x') = 4> 
and therefore this procedure leads to 



rl 4 n 

" -ip-{x-x ) 



(2tt)< 



i£f d 



Sf(p) 



u _ l lL F ^ ° - mf - Kf(J . F 
2 '^dp v 1 2 1 



S F (p) = 1 



(2.9) 



(2.10) 



(2.11) 



(2.12) 



This equation continues to hold in another gauge, different from Eq. I|2.7|l . as long as <f> is chosen such that is satisfies 
Eq. I|2.10|l . In general, in another gauge cf> is not be given by Eq. H2.9(l . 

Since we are interested in calculating the effects that are linear in B, to solve Eq. Ij2.12|l we substitute 



where 



and then solve for Sb by iteration. This yields 



S F (p) = S a + S b 



S = 



j> — mf + ie 



which after using the relation 



-a ■ F = B l5 



and a little bit of Dirac algebra, can be written in the form 

1 



S B 



(p 2 — m 2 + ie) : 



[efBG + kjBH] , 



(2.13) 
(2.14) 

(2.15) 
(2.16) 
(2.17) 



where 



G{v) = 75 [ip ■ V)i - (p ■ u)p + m/#] 



(2.18) 



H(p) = {jf> + mf)^ 5 #(i> + mf) . 
The thermal propagator, which incorporates the presence of the nucleons in the background, is given as usual bv|33j| 

S f = Sp- [S F - S F ]r) f , (2.19) 

where 

T]f(p ■ u) = 6{p ■ u)f f {p ■ u) + d(-p ■ u)f f (-p ■ u) , (2.20) 

with 

//(*) ' 



e P(x-iJ.f) -\- 1 

1 

gPix+flf) _|_ l 



(2.21) 
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FIG. 1: One-loop diagram for the contribution of a background nucleon / = n,p to the neutrino electromagnetic vertex. 



Here /3 stands for the inverse temperature and /i/ for the chemical potential of the nucleon /. Using Eq. i|2.13[l . 
together with l|2.17[) and (|2.18() . the complete propagator, linear in B, can be expressed as 

S f = S a + S B + S T + S TB , (2.22) 

where So and Sb are given in Eqs. and (|2~T7|) . while 

iSx = —2ir5(p 2 —mj)rif(]f) + mf) 

m 2 f )T] f [e f BG + K f BH], (2.23) 

with G and H given in Eq. (|2.18|l . The notation 5' denotes the derivative of the delta function with respect to its 
argument. 

As a simple verification of these formulas, we can consider the case of the electron, so that we can set Kf = and 
e/ = — |e| in Eqs. (|2.17|) and (|2.23|) . In this case the resulting formula for the propagator precisely coincides with the 
formula that was obtained in Ref. [3^] by expanding directly the Schwinger formula, as it should be. We have also 
used this propagator to compute the nucleon contribution to the neutrino self-energy in a matter background in the 
presence of a B field, and we have verified that the known result |29| is reproduced. 

III. NUCLEON CONTRIBUTION TO THE VERTEX FUNCTION 

The total background-dependent part of the vertex function for a neutrino of a given flavor £ — e, fir will be denoted 
by r^" . Here we denote by the electron contribution, which was calculated in Ref. [3I . and write 

r ^) =r (e) +r ( nU cl)_ (31) 

The subject of the present paper is the calculation of the nucleon contribution p^ 11110 ^ f or wu j c h the relevant diagram 
is the one shown in Fig. ^ 

A. Calculation of the vertex function 

For each nucleon in the loop, the propagator is given in Eq. (|2.22|l . while the electromagnetic couplings are given 
by 

L 7 = -\e\A^p - ^pa^pF^ - ^-na^nF^ . (3.2) 



For the neutral-current couplings we write 



L z = -g z Z» 



(3.3) 
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where 



9z = 



2 cos* 



'IF 



- - 2 sin 9 W , 
1 

_ 2 ' 



b, = - 



b„ = -b p 



1 

2 ' 
1 

2 ffA - 



(3.4) 



In Eq. 1)3. 4|1 . g^i is the normalization constant of the axial-vector current of the nucleon, gA — 1.26. As depicted in 
the diagram, we denote by k and k' the momentum of the incoming and outgoing neutrino, respectively, and 



q = k! — k . 



is the momentum of the incoming photon. 

With these conventions, the diagram in Fig. ^ leads to 



r 



(nucl) 



9 



4M^ 



where L = ^(1 — 75) as usual, and 



d 4 P 



Tr 



7m(«/ + b n 5 )Sf(p + q)jf™ ) S f (p) 



(3.5) 



(3.6) 



(3.7) 



In Eq. 1)3. 7fl . jr\°^ is the total electromagnetic current of each nucleon, 



.(em) 

JpX 
JnX 



\e\jx + in v a\ v q v , 
in n o\ v q v . 



(3.8) 



When Eq. 1)2.22)1 is substituted in Eq. (|3.7(l several terms are produced. We are interested in the ones that depend 
on B and the distribution functions which, schematically, involve the products SqStb or StSb- Denoting the sum of 
all such terms by , then 



T 



'(/) 



d A p 



Tr 



7m(°/ + bfj 5 )S {p + q)jf™ ] S T B{p) 

+ 7a* ( a / + b f j 5 )S T B(p + q)jp m) S (p) 
+ 7a* ( a / + b f j 5 )S B {p + q)jf^ 1) S B (p) 
+ ln( a f + bfTo)S B (p + q)jf x m) S B (p) 



Using the formulas given Eqs. (|2.14|) . I|2.17|l and l|2.23|) . T'J-J^ can be written in the form 



T 



'(/) 



/./A 



/1 A 



b f T. 



(JA) 



(3.9) 



(3.10) 



where 



T 



(fv) 



//A 



T, 



UA) 



//A 






-m 2 ) 


LfAP 2 - 


-m}) 


(p + qf - 


m) 


[ip + q) 2 - 


- m 2 ] 2 


-K^lnp 2 


— mj) 




-mj) 


(p + q) 2 - 




[(p + q) 2 - 


- 77lj] 2 



(q- 



(3-11) 
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with the the definitions 

4Lg(p j9 ) = Tv 1 ^ + i + mf ) ] f^\e f G(p) + K f H(p)] 1 

4Lg (p, g) = Tr 7m [ e/ G(p) + K f H(p)]j^ W + i + mf), 

4K$(p,q) = Tr^^ + i + m f )j^[e f G(p)+K f H{p)], 

4Jfg(p,«) = Tr 757Al [ e/ G(p) + K/ iJ(p)b^ m) (^ + ^ + m/). (3.12) 

In arriving at Eq. (|3.11|) we have applied the usual trick of making the change of variable p — * p — q in those terms of 
the integrand that contain the factor r]f({p + g) • it), and used the relations 

L$(P-1,9) = -4>>-<?)> 

K$(p-q,q) = K^(p,-q), (3.13) 

and the corresponding ones with the indices 1 and 2 interchanged. The relationships given in Eq. (|3.13|) can be 
established by manipulating the order of the factors in the traces defined in Eq. I|3.12(l with the help of the identity 
C _1 7m C = — 7 J, where C is the charge conjugation matrix (C = i 7 2 7 o in the Dirac representation). 



B. Structure of the vertex function 

It follows from inspection of Eq. (|3.11() that T^ X V ^ transforms as a pseudo-tensor under parity. Further, T^ X V ^ and 



satisfy the transversality relations 



q x T im = tT im = 0j 

q X T (fA) = Qj (3M) 

which follow from the conservation of the electromagnetic current and the vector neutral-current. We do not show it 
here, but in fact they can be proven explicitly in the present context by starting from Eq. (|3.7|) and then using the 
equation satisfied by the propagator, given in Eq. Q2.12I I. 

The most efficient way to calculate and T^J X A ^ is to decompose them in terms of a complete set of tensors, 

consistently with the above properties, and then evaluate the corresponding form factors. For this purpose it is useful 
to introduce the vectors 

g • u 

—^-(q-ub^-q-bUfj,), (3.15) 

A 7 , 

where 

9nv - , (3-16) 
which are orthogonal to g M . Following Ref. we can decompose T^ X V ^ and T^ X A ^ in the form 

T (fA) = T UA )Q ^ + rpifA) _ Q ^ + T UA) A ^ + T UV S ^ + T^q^X + T^ A \,b x , (3.18) 
where the various tensors that appear here are defined as follows, 



Up 




K 


= g^b u - 




Cr. 




9»u E 





UpUX 








j 






= u^tx 4 


- (m 


A), 




= uj>x -\ 


- <-» 


A), 




= uj>x - 


- (pi <-> 


A), 


Pl^X 


= it^iXap 






P2fj,X 


= itfiXap 


b a q f3 . 





(3.19) 
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In Eq. (|3.17() we have included a term proportional to S^a because, in contrast to the case of the electron background 

contribution, T^f^ is not antisymmetric. 

The form factors are functions of the three scalar variables uj, Q\\ and Q± which are defined by 

oj = q ■ u , 

Q\\ = -q-b, 



(3.20) 
where 

Q 2 = \Q\ 2 =uj 2 -q 2 ■ (3.21) 
The integral expressions for the form factors are obtained by contracting both sides of Eqs. I|3.17|l and (|3.18|) with the 



various tensors that appear in those expansions. For example, the form factors Trf and T« , which enter in the 



definition of the neutrino induced charge, are given by 



TifA) 45 f d*p , | -W^fflV - mj) u»u*K$6(p> - m|) 
L ~ v? J (2n)* WM >\ (p + qf-m) + [{p + q) 2 -m 2 ] 2 + {Q ~* Q) } 

= I g&fM { - "?> + - f - (g _ - g )\ . (,22) 

q 2 u 2 J (2tt) 3 //v M {p + q) 2 -m 2 f [{p + q) 2 - m 2 f } 2 y '\ y ' 

In the general case, the formulas so obtained are cumbersome and not very illuminating, and for this reason we do 
not proceed any further along this direction. Instead, we consider specifically the calculation of the form factors in 
the static and long wavelength limit, which are related to the effective neutrino charge in the medium. In this way 
we are able to obtain approximate formulas that can be used in practical situations, and it will allow us to compare 
the importance of the nucleon background contribution, relative to the electron background. 

IV. NEUTRINO EFFECTIVE CHARGE 

We consider the calculation of the induced charge of the neutrino, and specifically the parameter that was denoted 
by et e in Ref. |32j |. We denote by T^iu), Qx, Qii) the neutrino vertex function evaluated for an arbitrary value of 
and use a similar notation for the form factors as well. With this notation, e|l { is defined by 

el e = ^TrL^r o (0,0,Q|| 0) , (4.1) 
where k^ = (E v , k) is the neutrino momentum vector. 

A. Nucleon contribution 

Using the same notation for the nucleon contribution, the quantity that we wish to calculate is 



C nucl = ^TrL^( nUcl \o,0,Qn - 0) . (4.2) 
In practice, we can evaluate the vertex function in this limit by first setting 

<f = Q\\V, (4.3) 
and then taking Q\\ — > afterwards. From the definition of the various tensors given in Eq. (|3.19|1 . it then follows that 

rJ nUcI) (0 > 0,Q| | ) = ^. £ b f {T« A ho-Qf>^l-b}L, (4.4) 



L W f- 



f=n,p 



8 



with the form factors evaluated at lj = and Q± — 0. Therefore, to evaluate them, we can put — > in Eq. 
(|3.22l) . We now use a property of the traces that are defined in Eq. H3.12|) , which we can state precisely by defining 



K { i\p,q)=u»u X K {l) 



// A 



1,2). 



(4.5) 



where we have indicated explicitly the dependence on the spatial components of the momentum vectors. Then, with 
g M as given in Eq. I|4.3|l . it follows from the trace formula in Eq. 13. 1211 that 



Using this property, and the fact that the distribution functions are isotropic in p, Eq. I|3.22fl yields 

T[ /A) (0,0,Q||) =0. 

( f A) 

Thus, we need to evaluate only Tu , which we write in the form 

AB 



T (fA) 



0-9 



(4.6) 
(4.7) 

(4.8) 



where 



h = (-1) 



d^p , F 1 {p,q)S'(p 2 -m 2 ) 
aVfiP-u)- 



h = 



d 4 P 



(2tt) 3 11 ^ ' (p + q) 2 - mj 
F%ip, q)S(p 2 -mj) 



rifip.u)- 



[(p + q) 2 ~ m 2 



212 



with 



F i {p,q)=q^u x K^l (i = 1,2) . 
In order to calculate he traces that are involved in Eq. I|4.10|) . it is useful to note that if we calculate 

Fx = iq^ A Tr 757M (/ + mj)^ [e f G(p) + K f H(p)] , 

where we have put p' = p + q, then the result for F2 is obtained by making the substitution p' <-> - 
tedious, but straightforward Dirac algebra, in this way we obtain, for q as given in Eq. I|4.3|) . 

Fi = ejA + e f K f B 1 + K 2 f C 2 , 
F 2 = e 2 f A + e f n f B 2 + K 2 f C 2 , 



(4.9) 

(4.10) 

(4.11) 
p. After some 

(4.12) 



where 



.4 
B 2 
Bi 
C\ 

C 2 



-Q\\ p 



,02 



p 



Q\\ p \\ 



= m f Q {l (p 2 -m})-2m f Q [l (2p 02 - Qj}) 
- B 2 -m f Q\{2P\\ +Q||), 



Q\\ 



-(3F|| + Q\\)(p 2 — Tn 2 ) + 2(2F,| +Q l \)( P 02 - P| 



4m / P ll 



-Ql 



(3F|, +2g||)(p 2 -m2) + (2F||+Q||)(2p 02 -F||(2F|| +Q„)) -4mJ(i^ +Q||) , (4.13) 



with 



F,| = 



(4.14) 



To calculate ri /A) (0, 0, Qn) we use the long wavelength limit expressions for Ii 2 that were derived in Ref. [32|, which 
are useful for computing the integrals in the limit that we need. Those expressions for I 12 are obtained by using the 
auxiliary formula 
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where A = ±1, and they are valid for q <C (£), where (£) denotes a typical average energy of the particles in the 
background. Thusj3^, 



where 



h 



h = 



Ff{p,q) 



d 3 p I F[ 



dF'~ 



2E r l 



F 



+ _ Q dF~ 



(2tt) 3 



2Eoj - 2p- 



[2Elu -2p-Qf 



j3 F+ - 9. . dF 2 _ OL p~ 
d P *2 T JjT E r 2 

(2tt) 3 [2Elo - 2p- Q} 2 

f e (p°)F 1 (p,q)±f s (p )F 1 (-p,q) 
2p° 

f e (p a )F 2 (p,q)±f s (p°)F 2 (-p,q) 



(4.16) 



2p° 



P°=E(p) 



P°=E(\p\) 



1 d_ 



f e (p Q )F 1 (p,q)±Mp Q )F 1 (~p,q) 
2p° 



(4.17) 



p°=E(\p\) 



In Eq. 14.16( 1 the symbol ^ stands for the total momentum derivative, 

d d p d 
dp~ dfi + E~dE' 



(4.18) 



The final step consists in putting uj — and Q = Qui in Eq. (|4.16(l and using Eqs. (|4.12(l and ((4.13(1 to determine the 
various terms in the integrands for Ix,2- The details of this calculation are similar to the corresponding ones for the 
case of the electron background, some of which were given in Ref. |32|, and which we omit here. In this way we arrive 
at 



h + h - (<? -» ~q) = -Q\\ [e)t\P + e f K f (2m f t\ f) ) + K 2 f s\f } ] + 0(Qf ) , 
where we define, for any fermion /, 

1 f°° dp d 



Af) _ 
1 ~ 



,(/) 



2 J (2tt) 2 dE 

d 3 P f f (E) + f f -(E) 
(2tt) 3 E 



[f f (E)+f f -(E)] , 



Therefore, from Eq. JO}, 



T(^)(0,0,Q t | -0) = ~ [e f {e f + 2m f K f )t\p +k)s\P 



and finally, from Eqs. 1(4.2(1 and 1(4.4(1 . and using the results given in Eqs. 14.71) and 14. 2211 . we obtain 



'nUCl Myy 



(B ■ k) b n K 2 n s\p + b p (\e\ 2 + 2m f \e\K p )tJ> + b p n A p s\ 



(i>) 



(4.19) 

(4.20) 
(4.21) 

(4.22) 
(4.23) 



B. Discussion 



In the environments of physical interest the nucleons are non-relativistic. Therefore, in Eq. (|4.21|l we can effectively 
replace E — > m/ in the denominator, so that for the nucleons 



„(/) 



2m t ' 



(4.24) 
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where nf is the total number density of the neutrons or protons. Using the result obtained in Ref. 32] for the electron 
background term, the total matter contribution to the -B-dependent part the induced neutrino charge is then 



9 



&u * M? 



(B-k) 



2 X i 'A t \\ ) + ^-'n^n + 7^~~ b p K p n p + MM 2 + 2m p \e\n p )t 



(p) 



2m 



with &' p) as defined in Eq. (|4~2U|) . and 



xf = 6 tt , 



(4.25) 



(4.26) 



The additional term that is present for the electron neutrino (£ — e) is due to the charged-current interaction, which 
is absent for v^ r . 

The evaluation of t^' p ^ requires more care, and we must distinguish various cases. For a relativistic gas, putting 
E ~ p in Eq. (|4~20"|) yields 



AS) _ J_ 

II 8^ 2 



(relativistic) . (4.27) 
For a non-relativistic (NR) gas, we distinguish two cases. If the gas can be treated classically, then using the relation 

-0f, (4.28) 



21 

dE 



yields 



AS) = n fP 2 



8m 



(NR classical) 



On the other hand, if the gas is degenerate, we obtain the approximate formula 



AS) 



m S 
8tt 2 pf 



it mj 



(NR degenerate) 



where pf is the Fermi momentum, for 



p F > \J mf/f3 . 



(4.29) 



(4.30) 



(4.31) 



The derivation of Eq. (|4.30|) is sketched in the Appendix. 

(e) (p) 

The relative importance of the various terms in Eq. I|4.25|l depends on the value of t), and which in turn depend 
on the conditions of the environment. The above approximate formulas are useful in this respect. For example, suppose 
that the conditions are such that both the electron and proton gases can be treated classically. Then for the protons 
we use Eq. (|4.29|l . If also the electrons are non-relativistic then we use the same formula for them and, remembering 
that the charge neutrality of the medium requires that n p — n e , it follows that 



|| _ W e 



(4.32) 



On the other hand, if the electrons are relativistic, using Eq. (|4.27|l for them yields instead 



t 



(4.33) 



In either case, we can neglect the tjp term in Eq. H4.25JI . 

In contrast, consider the case in which the gases are degenerate, and for definiteness suppose that the electrons are 
relativistic. Then using Eq. (|4.30(l for the protons and Eq. 14.27(1 for the electrons, it follows that tjp is larger than 



t\f* by a factor m p /pF P - Furthermore, the neutron term in Eq. (|4.25|) . as well as the proton term that is proportional 
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to n p , are of order n„/m^ ~ p\ n j (37r 2 m^) which, for p_F„/m„ ~ 1 /3, is about a factor of 10 smaller than the electron 
term tj| = 1/87T 2 . Therefore, in this case the proton term may be the dominant one in Eq. I|4.25[) . 

In any application to the calculation of neutrino processes rates, besides the independent coupling just determined, 
the amplitude contains a £?-independent term. To have an idea of their relative magnitude we can compare the value 
of e'i with the analogous quantity e!? calculated in the absence of the B field. From Ref. [U, with a slight change of 
notation, 

e (o) = _ g x v — u 34) 

\e\r% ' (4 ' d4j 

where Xv = 2 ~ 2 Qw — \ + <^,ej and the parameter is the Debye screening length, which is given in terms of the 
longitudinal component of the photon self-energy ttl(lo^ Q) by 

r D 2 =^l(0,Q^0). (4.35) 

Considering again the case in which the gases are degenerate, with the electrons being relativistic, then we can take|35| 



(4.36) 



-2 _ e 2 m p p Fp 
r D - ^ > 

neglecting the electron contribution, which is smaller by a factor of pF p /m p . Writing 

e 11 

-^=R n + R P + R e , (4.37) 

the relative size of the various contributions can be estimated using Eqs. 14.25J1 and 14.34J1 . For example, for the 
protons we find 



PFe n c 



where we have used Pfp = PFe and B c = m 2 /|e| — Ax 10 13 G, while for the electrons it is a factor of PFe/ m p smaller, 
and it is even smaller for the neutrons as we mentioned above. Since our calculations are based on a weak-field 
approximation, the implicit assumption is that the magnetic contribution e[i £ is smaller than the zeroth order term 

e$ . Nevertheless, it is conceivable that there are physical systems for which et e is not negligible, which can produce 
observable effects due to its anisotropic nature. The above discussion shows that, in those situations, the nucleon 
couplings to the B field must be taken into account. 



V. CONCLUSIONS 



A neutrino that propagates through a matter medium acquires an induced electric charge due to its interactions 
with the matter particles. We have considered the -B-dependent part of the neutrino electromagnetic vertex, and 
more specifically the neutrino induced charge, in a background of electrons and nucleons in the presence of a magnetic 
field. We have extended the previous calculations, which considered only the electrons in the background, to take 
into account the nucleons and, in particular, to include the effects of their anomalous magnetic coupling. The 
importance of the contribution due to the nucleons, relative to the electron contribution, depends on the conditions 
of the environment considered. For example, we indicated that in some situations the term due to the protons is not 
significant, but there are cases in which the terms due to the nucleons are the most important ones. 

Besides the term that we have calculated, which is linear in B, the induced charge contains a term that is independent 
of B. The distinctive feature of the independent term is that it is not isotropic in the neutrino momentum; it has 
a different value for neutrinos going in different directions, relative to B. This could produce observable effects in 
the context of a variety of physical problems that have been considered in the literature, such as those related to the 
influence of the neutrino electromagnetic interactions on the collective properties of a plasma. Our results can be 
useful in those contexts, and this work paves the way for considering and studying those effects in more detail. 
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APPENDIX A: PROOF OF EQ. (H3ol) 

Naively, in the completely degenerate limit we can put 

// = S(E F - E) (Al) 

in Eq. (|4.20|) and, assuming that fj ~ 0, obtain 



*T = inr- ^ 



This agrees with Eq. (|4.27|) in the relativistic limit, and with the leading term of Eq. (|4.3U|) in the non-relativistic 
one, but this procedure leaves unanswered the question of the range of validity of this approximation. For that, we 
consider in more detail the integral involving ff in Eq. (|4.20() . Similar considerations apply to the other integral, 
involving the anti-particle distribution, with obvious modifications. 
Defining 

e = E — rrif , 

jj, = n — Tfif , (A3) 



we write 



a i r , d 1 



dE ef 3 ^-^ + 1 Jo de e^~»') + 1 

d 



where 



and changing the integration variable, 



with 



Letting 



/ can be written in the form 



where we have defined 



1 = I dp e P(e-»') +1 . ( A5 ) 



de „. , (A6) 



f \ E e + m,f , . _. 

9 ( £ ) = - = TT— . 2 211/2 ■ ( A? ) 



z = /3(e- //) , (A8) 



/ = -/ dzg(fj,'+-)f(z) + - dzg(p' + -)f(z) (A9) 

P J-/3n> P P JO P 



m = . (mo) 

e z + 1 

In the first integral in Eq. (|A9() we change z — > — z and use f(—z) = 1 — f[z), which yields 



I = J deg(e) --J dzgfjjf - -)f(z) + - J dzg(fj,' + -)f(z) . 



(All) 
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Up to this point this expression is exact. The approximation now consists in replacing the upper limit integration in 
the second integral by infinity, and it is valid for 



This yields the final formula 



W* = 9( *' ) 



V + f)-sV-f) 



dz ■ 



e z + 1 



(A12) 



(A13) 



which can be evaluated explicitly by expanding g(z) in a Taylor series in z and integrating term by term. 

Apart from the condition given in Eq. i|A12[l . there arc no further restrictions, so that this formula can be applied 
regardless of whether the gas is relativistic or non-relativistic. Thus, for example, in the non-relativistic limit, 
.g(e) ps (m / /2e) 1 / 2 , and from Eq. lf^T3f 



_d_ 



I 




8/3 V 2 



(A14) 



Using this result in Eq. (|A4() . and substituting // — pj ? /2nif, leads to the formula quoted in Eq. 14.3U[) . 
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